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Inhomogeneous imperfect fluid inflation
E. Elizalde1 • Luis G. T. Silva2
Abstract A generalized equation of state correspond-
ing to a model that includes a Chaplygin gas and a
viscous term is investigated, in the context of the recon-
struction program in scalar field cosmology. The corre-
sponding inflationary model parameters can be conve-
niently adjusted in order to reproduce the most recent
PLANCK data. The influence of the Chaplygin gas
term contribution, in relation with previous models, is
discussed. Exit from inflation is shown to occur quite
naturally in the new model.
Keywords Inflation – Dark energy – Fluid models
1 Introduction
The analysis of the data obtained from astronomical ob-
servations has shown that we live in a spatially flat uni-
verse in accelerated expansion (Planck Collaboration et al.
2015a,b). This acceleration could be produced by an
hypothetical fluid with negative pressure, called dark
energy, which would approximately represent 70 per-
cent of all energy contained in the universe, according
to the Standard Cosmological Model. The other also
unobservable part of the universe is considered by many
to be constituted by weakly interacting massive parti-
cles (also considered sometimes to form a fluid), and
is termed as dark matter. This leaves only a mere 5
percent of the total energy of the universe to ordinary
matter.
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The scientific community has been trying to ex-
plain the cosmic expansion of the universe using dif-
ferent approaches but always taking into considera-
tion the above percentage distribution into dark mat-
ter and energy, and ordinary matter (Bamba et al.
2012). Different models have been considered, as
modified gravity (Myrzakulov, Sebastiani and Zerbini
2013; Nojiri and Odintsov 2006, 2010) where the cos-
mic acceleration is provided without introducing ex-
otic fluids. If one adopts a most natural and mini-
mal view, that fully keeps without modification the
Einstein theory of gravity, two types of models have
been proposed: use of scalar fields and unified dark
energy (UDE hereafter). Scalar field models are thus
called because they introduce a field, commonly called
quintessence, which is minimally couple with grav-
ity and is self-interacting with the potential V (φ)
(Peebles and Ratra 2003). In the case of UDE mod-
els, it is assumed that dark energy and dark matter
as different aspects of one and the same, single fluid.
In both context, scalar field and UDE approaches, two
types of fluids have lately received attention, namely
the Chaplygin gas (Bento, Bertolami and Sen 2002;
Bilic, Tupper and Viollier 2002; Gorini, et al. 2004; (
2012)) and a viscous fluid (Bamba and Odintsov 2016;
Brevik and Timoshkin 2016; Capozziello et al. 2006;
Haro and Pan 2015; Myrzakulov and Sebastiani 2015;
Nojiri and Odintsov 2005)).
In this paper we adopt the method recently proposed
by Bamba et al. (2014a) to get a fluid representation of
the two main observables corresponding to inflation-
ary models, namely the spectral index ns of curvature
fluctuations, and the tensor-to-scalar ratio r of density
fluctuations. We propose a model containing a general-
ized viscous fluid with a Chaplygin gas term, and obtain
the allowed range of values of the model parameters in
order to reproduce the most recent PLANCK results
(Planck Collaboration et al. 2015a,b). It was shown by
2Saadat and Pourhassan (2013b) that this type of fluid,
with some prearranged parameters, is a good model in
order to reproduce the cosmological expansion. We go
on to analyze here the most general case.
The paper is organized as follows. In Sec. 2 the re-
construction program in scalar field theory is briefly
reviewed, and also the fluid description for the universe
in accelerated expansion, in a Friedmann-Lemaˆıtre-
Robertson-Walker background. Following that, we re-
cover the expressions for the slow-roll parameters and
for the observables of the inflationary model in the rep-
resentation of fluid models. In Sec. 3 we discuss our
original model for a generalized viscous fluid with a
Chaplygin gas term. We explicitly show how the pa-
rameters corresponding to our model can be quite nat-
urally adjusted so as to reproduce the most recent and
precise observational data. In Sec. 4 we check the exit
from inflation and the last section is devoted to conclu-
sions.
2 Inflation in the fluid model representation
In this section we summarize the procedure described
by Bamba et al. (2014a,b), which we will use in what
follows. The method simply consists in rewriting first
the slow-roll parameters as a function of the Hubble pa-
rameter and its derivatives with respect to the number
of e-folds. Then the description of a perfect fluid model
is adopted in order to rewrite the Hubble parameter, so
that the observables of the corresponding inflationary
model can be finally written in the representation of
the fluid model.
2.1 Slow-roll parameters
Consider the action corresponding to the scalar field φ
with the Einstein-Hilbert term
S =
∫
d4x
√−g
(
R
2κ2
− 1
2
∂µφ∂
µφ− V (φ)
)
, (1)
where g is the determinant of the metric gµν and R the
scalar curvature. From action (1) one gets the spectral
index ns and the tensor-to-scalar ratio r, which in the
slow-roll regime are given by
ns − 1 ∼ −6ǫ+ 2η , r = 16ǫ , (2)
ǫ and r being the slow-roll parameters, defined as
ǫ ≡ 1
2κ2
(
V ′(φ)
V (φ)
)2
, η ≡ 1
κ2
V ′′(φ)
V (φ)
. (3)
Here and in what follows we will use the notation where
the prime indicate derivative with respect to the argu-
ment, for instance, V ′(φ) ≡ ∂V (φ)/∂φ.
As we are considering the flat Friedmann-Lemaˆıtre-
Robertson-Walker (FLRW) universe, the metric is
given by
ds2 = −dt2 + a2(t)
∑
i=1,2,3
(dxi)2 , (4)
where a(t) is the scale factor, which defines the Hubble
parameter H = a˙/a, the dot denoting time derivative.
In this background, the gravitational field equations ob-
tained from the action (1) are
3
κ2
H2 =
1
2
φ˙2 + V (φ) , (5a)
− 1
κ2
(
H2 + 2H˙
)
=
1
2
φ˙2 + V (φ) . (5b)
Use of the already mentioned formulation by Bamba et al.
(2014a,b); Bamba and Odintsov (2016), yields
ω(φ) = − 2
κ2
H ′(N)
H(N)
∣∣∣∣
N=ϕ
, (6a)
V (φ) =
1
κ2
H(N)2
(
3 +
H ′(N)
H(N)
)∣∣∣∣
N=ϕ
. (6b)
These equations follow from the solution of the gravi-
tational field equations (5a) and (5b), wherethe scalar
field φ is replaced by a new scalar field ϕ, φ = φ(ϕ),
and the positive quantity ω(ϕ) ≡ (dφ/dϕ)2 > 0 is in-
troduced. Moreover ϕ is identify with the number of
e-folds N(≡ ln(af/ai) =
∫ tf
ti
Hdt), as a solution of the
equation of motion for φ or ϕ. With the quantities
in Eqs. (6a) and (6b), we are now able to express the
slow-roll parameters in terms of H(N) and its deriva-
tives (see Bamba et al. 2014a).
2.2 Fluid model description
Continuing the procedure, we use the equation of state
(EoS) of a fluid, as commonly used in fluid models
P (N) = −ρ(N) + f(ρ) , (7)
where f(ρ) is an arbitrary function of the energy den-
sity ρ(N), and P (N) is the pressure of the fluid.
The energy density and the pressure are given by
(Bamba and Odintsov 2016; Bamba et al. 2014b)
ρ(N) =
3
κ2
H(N)2 , (8)
P (N) = − 1
κ2
(
2H(N)H ′(N) + 3H(N)2
)
, (9)
in the FLRW background.
3Taking advantage of Eq. (7), the conservation law
can be rewritten as ρ′(N) + 3f(ρ) = 0, and combining
it with Eq. (9), they yield
2
κ2
H(N)2
[(
H ′(N)
H(N)
)2
+
H ′′(N)
H(N)
]
= 3f ′(ρ)f(ρ) . (10)
This equation allows us to finally express the slow-roll
parameters (Eq. (3)) in terms of ρ(N), f(ρ) and corre-
sponding derivatives, as can be seen in the appendix of
Bamba and Odintsov (2016)
ǫ =
3
2
f(ρ)
ρ(N)
(
f ′(ρ)− 2
2− f(ρ)/ρ(N)
)2
, (11)
η =
3
2− f(ρ)/ρ(N)
[(
f(ρ)
ρ(N)
+ f ′(ρ)
)
×
(
1− 1
2
f ′(ρ)
)
− f(ρ)f ′′(ρ)
]
. (12)
Consequently, in the same way as by Bamba et al.
(2014b), we can express the observables of the infla-
tionary models (Eq. (2)) in the new representation, as
ns ∼ 1− 9 f(ρ)
ρ(N)
(
2− f ′(ρ)
2− f(ρ)/ρ(N)
)2
+
6
2− f(ρ)/ρ(N)
[(
f(ρ)
ρ(N)
+ f ′(ρ)
)
×
(
1− 1
2
f ′(ρ)
)
− f(ρ)f ′′(ρ)
]
, (13)
r = 24
f(ρ)
ρ(N)
(
f ′(ρ)− 2
2− f(ρ)/ρ(N)
)2
. (14)
Concerning to this work, the advantage to use the ap-
proach described above is that we do not need integrate
the function f(ρ), or terms like 1/f(ρ), which in our
case can not be integrate maintaining the generality of
the parameters.
3 Generalized Chaplygin gas with viscosity
We here introduce our fluid model, with a generalized
EoS with viscosity and a Chaplygin gas term, namely
P = −ρ+Aρα −Bρ−β − ζ(H) , ζ(H) = ζ¯Hγ . (15)
The positive constants A, B, ζ¯, α, β and γ are here the
inflationary model parameters that we need to adjust
in order to reproduce PLANCK’s observational data
(Planck Collaboration et al. 2015a,b). By comparing
with Eq. (7) and using Eq. (9), we have
f(ρ) = Aρα −Bρ−β − ζ˜ργ/2 , ζ˜ ≡ ζ¯
(
κ√
3
)γ
. (16)
The signs in Eq. (16) were set so that the energy den-
sity exponentially grows at early times and becomes
constant as time increases. In the configuration f(ρ) =
−Aρα−Bρ−β+ ζ˜ργ/2 we can find the same kind of be-
havior, but here the corresponding energy density there
diverges faster, for most possible values of the parame-
ters. Note that, if we set α = γ = 1, β = 0.5 and ζ¯ = 3ζ
the model analyzed by Saadat and Pourhassan (2013a)
is reproduced. Further, the Chaplygin gas is dominant
when ρ is small, namely
f(ρ≪ 1) ≈ −Bρ−β . (17)
In the regime where ρ is large we also obtain the same
kind of EoS, assuming (Bamba and Odintsov 2016)
f(ρ) = Aρα − ζ˜ργ/2. In this regime, different terms
become dominant depending on whether α is larger or
smaller than γ/2, respectively; in fact
f(ρ≫ 1) ≈ Aρα , for α > γ/2 , (18)
f(ρ≫ 1) ≈ −ζ˜ργ/2 , for α < γ/2 , (19)
since we are assuming that A and ζ˜ are of the same
order of magnitude. The equations above (Eqs. (17) to
(19)) tell us about the phantom barrier (Caldwell et al.
2003), where the sum of the pressure and the energy
density (Eq. (7)) is no more negative and starts to be
positive (that is f(ρ) > 0).
This barrier will be crossed if α > γ/2, or for α < γ/2
with the condition that A is sufficiently larger than ζ˜.
Because of the number of parameters that we have in
Eq. (16), it is quite difficult to constraint them prop-
erly by the observational data. What we will do in the
next section is to admit a minimum preset and ana-
lyze how the slow-roll parameters and the observables
behave when the rest of the parameters are less than,
larger or equal to the parameters set out initially. Mod-
els of the types below have been considered in Barrow
(1986, 1988, 1990, 2004).
3.1 Constraining the model
It is well know that, in order for inflation to occur the
slow-roll parameters (Eq. (3)) must satisfy the follow-
ing constraints: ǫ, |η| < 1 (Baumann 2011). If we want
to keep the arbitrariness of the inflationary parameters
of our model, we are not able to solve the Friedmann
equations analytically. Thus we adopt the alternative
procedure to apply the EoS (Eq. (16)) on Eqs. (11)
and (12) and then check numerically which is the al-
lowed range of the parameters in order to obey such
constraints (Figs. 1 to 6).
Since the second and the third term of Eq. (16) are
negative, they only contribute to make more negative
4the value of the slow-roll parameter ǫ, because f(ρ)/ρ
is what determines the sign in Eq. (11). Then, we have
only to worry about the first term. In Figs. 1 to 3 we
see that the contribution of the Chaplygin gas term al-
lows the range in α to increase for small energy density,
whereas A ≤ ζ˜. For large ρ, the α values begin to
get more limited, especially if the coefficient A is big,
as compared with the other coefficients. In fact, when
ρ ≫ 1 the term in brackets in Eq. (11) tends to one,
and we have
ǫ ≈ 3
2
(
Aρ−1+α − ζ˜ρ−1+γ/2
)
. (20)
If γ < 2, then ǫ ≈ (3/2)Aρ−1+α, and in the limit case,
when ρ → ∞ it is required that α → 1, in order to
satisfy the slow-roll condition (Fig. 1). In this case
the upper bound in α decreases, as the coefficient A
increases, no matter the value of ζ˜. If γ = 2 the slow-
roll parameter becomes ǫ ≈ (3/2)(Aρ−1+α− ζ˜) and the
same limit α → 1 is required, but in this case with a
little delay, because of ζ˜ (Fig. 2). For γ > 2 we have
Eq. (20) and α → γ/2, when ρ → ∞ (Fig. 3). For
the last two cases the upper bound in α decrease as A
becomes larger than ζ˜.
In Figs. 4 to 6 one can spot the region where the
condition |η| < 1 is satisfied. Because of the number
of terms in Eq. (12), various combinations of the pa-
rameters will fulfill the constraint. Basically, it is easy
to understand that, since we have α . 1 and γ . 2
the slow-roll condition will be satisfied when the energy
density becomes large, with a big range for β (Fig. 5).
We can see this upper bound in α and γ in Figs. 4
and 6. Since all the coefficients are of the same order,
the Chaplygin gas does no affect the region ρ≫ 1 and
the value of β does not change the behavior in Figs. 4
and 6 in this regime. Furthermore, the increase in the
coefficient A and ζ˜ lowers the upper limit of α and γ
respectively.
We now compare with the most recent observational
results by PLANCK. To do that, we have applied the
EoS (Eq. (16)) in Eqs. (13) and (14) and used the
PLANCK results, ns = 0.968±0.006(68% CL) and r <
0.11(95% CL) (Planck Collaboration et al. 2015a,b), to
analyze the inflationary model parameters (Figs. 7 to
(12)).
Even if the condition on ns becomes more restric-
tive, the parameters α, β and γ are subject to the co-
efficients A, B and ζ˜, and we cannot estimate specific
values for them (Figs. 7 to 9). In Figs. 8 and 11 we
see that the Chaplygin gas term must have more in-
fluence than the other terms (B ≫ A, ζ˜), in order to
contribute to the observational data when ρ ≫ 1. In
this case, it seems reasonable to say that 0 < β . 0.5.
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Fig. 1 The region where ǫ < 1 with variation on α with
B = ζ˜ = 1, β = 1/2 and γ = 1.
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Fig. 2 The region where ǫ < 1 with variation on α with
B = ζ˜ = 1, β = 1/2 and γ = 2.
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Fig. 3 The region where ǫ < 1 with variation on α with
B = ζ˜ = 1, β = 1/2 and γ = 3.
We will here maintain this term, which was absent by
Bamba and Odintsov (2016), to see how it can possibly
modified the results. From Figs. 7, 9, 10 and 12 we
can check what was already discussed about the slow-
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Fig. 4 The region where |η| < 1 with variation on α with
B = ζ˜ = 1, β = 3/4 and γ = 1.
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Fig. 5 The region where |η| < 1 with variation on β with
A = B = ζ˜ = 1. The three cases are α = 0.75, γ = 1.5;α =
1.5, γ = 1.5 and α = 1.5, γ = 2.5 respectively.
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Fig. 6 The region where |η| < 1 with variation on γ with
A = B = 1, α = 3/4 and β = 1/2 and.
roll parameter ǫ, that is α → γ/2 (or γ → 2α) when
ρ→∞.
Note that we have a lower bound on γ (Fig. 12).
Thus, in order to satisfy the slow-roll condition and to
reproduce the observational data we have two scenarios.
When A > ζ˜ the safety range for γ is bound to [2α,2]
where the borders are achieved when ρ→∞. (In terms
of α we can say that its range is bound to [0,γ/2]). On
the other hand, when A 6 ζ˜ the lower bound on γ is
less than 2α or, conversely, the upper bound α is larger
than γ/2. In this case, by Eq. (18), the phantom barrier
can be crossed and the range is set based on the slow-
roll condition shown in Figs. 1 to 6, 0 < α < 1 and
0 < γ < 2. In this case the limit α → γ/2 is also
reached when ρ→∞. In fact, the grater the difference
A− ζ˜ grater ρ needs to be for the limit is reached.
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Fig. 7 The curves ns = 0.968 with variation on α with
B = ζ˜ = 1, β = 1/2 and γ = 1.
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Fig. 8 The curves ns = 0.968 with variation on β with
A = ζ˜ = 1, α = 3/4 and γ = 1.
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Fig. 9 The curves ns = 0.968 with variation on γ with
A = B = 1, α = 3/4 and β = 1/2.
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Fig. 10 The region where r < 0.11 with variation on α
with B = ζ˜ = 1, β = 1/2 and γ = 1.
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Fig. 11 The region where r < 0.11 with variation on β
with A = ζ˜ = 1, α = 3/4 and γ = 1.
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Fig. 12 The region where r < 0.11 with variation on γ
with A = B = 1, α = 3/4 and β = 1/2.
4 Exit from inflation
We need now check if, in our fluid model, the universe is
actually able to exit from the inflationary stage and to
continue its evolution to subsequent reheating regimes.
Otherwise, the accelerate expansion phase would never
stop. In other words, we need to analyze the instability
of the corresponding de Sitter solution, H = Hinf, a
positive constant. This analysis will proceed in a way
similar to that by Bamba and Odintsov (2016), where
the Hubble parameter is written as follow
H = Hinf +Hinfδ(t) , (21)
|δ(t)| ≪ 1 being a small perturbation which we define
as
δ(t) ≡ eλt . (22)
Here, λ is a constant that will give us information about
the instability of the de Sitter solution. In order to pro-
ceed with the analysis, we rewrite Eq. (10) with respect
to the cosmic time t and apply Eq. (16); this yields
H¨ − κ
4
2
[
αA2
(
3
κ2
)2α
H4α−1
− βB2
(
3
κ2
)−2β
H−4β−1 +
γ
2
ζ˜2
(
3
κ2
)γ
H2γ−1
− (α− β)AB
(
3
κ2
)α−β
H2(α−β)−1
−
(
α+
γ
2
)
Aζ˜
(
3
κ2
)α+γ/2
H2α+γ−1
−
(
β − γ
2
)
Bζ˜
(
3
κ2
)−β+γ/2
H−2β+γ−1
]
= 0 . (23)
7Substituting Eq. (21) with Eq. (22) into Eq. (23) and
taking the first order in δ(t), we get
λ2 − 1
2
κ4
Hinf
Q = 0 , (24)
where we have defined
Q ≡ α(4α− 1)A2
(√
3
Hinf
κ
)4α
+ β(4β − 1)B2
(√
3
Hinf
κ
)−4β
+
γ
2
(2γ − 1)ζ˜2
(√
3
Hinf
κ
)2γ
− (α− β) [2(α− β)− 1]AB
(√
3
Hinf
κ
)2(α−β)
−
(
α+
γ
2
)
(2α+ γ − 1)Aζ˜
(√
3
Hinf
κ
)2α+γ
−
(
β − γ
2
)
(−2β + γ − 1)
×Bζ˜
(√
3
Hinf
κ
)−2β+γ
. (25)
Note that, if we set B = 0 we obtain the same re-
sult as by Bamba and Odintsov (2016), since this co-
efficient determines the contribution of the Chaply-
gin gas. Another interesting point to note is that if
α = β = γ/2 = 1/4 we obtain Q = 0, independently
of the values of the coefficients, and from Eq. (24) the
de Sitter solution is directly recovered. One can easily
note that by Eq. (16) this case reproduces a expanded
Chapligyn gas, f(ρ) = (A− ζ˜)ρ1/4 −Bρ−1/4.
The two solutions of Eq. (24) are
λ = λ± ≡ ± 1√
2
κ2
Hinf
√
Q . (26)
We are looking for the positive solution λ = λ+ > 0,
which is obtained if Q > 0. In this way, we see that,
as the cosmic time grows, δ(t) becomes larger and the
exit from inflation will occur in a natural way.
In the last section (Sec. 3.1) we found two scenarios,
one in which A > ζ˜ and other for A 6 ζ˜. If Hinf/κ ≪
1 we obviously see the influence of the Chapligyn gas
parameter as shown in Figs. 13 and 14. In both cases
solutions for β = 0 and 0.25 < β < 0.5 was found. For
the others parameters we have
Scenario 1 (A > ζ˜) : 0 < α < 1, 0 < γ < 2,
with α < γ/2 , (27)
and
Scenario 2 (A 6 ζ˜) : 0 < α < 1, 0 < γ < 2 , (28)
Fig. 13 The region where Q > 0 for A > ζ˜ scenario with
Hinf/κ = 0.1, B = 10
3, A = 10 and ζ˜ = 1.
Fig. 14 The region where Q > 0 for A 6 ζ˜ scenario with
Hinf/κ = 0.1, B = 10
3, A = 1 and ζ˜ = 10.
For the case whichHinf ≫ 1 we have no restriction on
β (unless α ≈ γ ≈ 0 and/or B ≪ Hinf) and the values
of the other parameters becomes important. Summary
we obtain, as shown in Figs. 15 and 16,
Scenario 1 (A > ζ˜) : 0 < α < 1, 0.5 < γ < 2,
with α < γ/2 , (29)
and
Scenario 2 (A 6 ζ˜) :


0 < α < 1, 0.5 < γ < 2,
and
0.25 < α < 1, 0 < γ < 2 .
(30)
8Fig. 15 The region where Q > 0 for A > ζ˜ scenario with
Hinf/κ = 10
10, B = 103, A = 10 and ζ˜ = 1.
Fig. 16 The region where Q > 0 for A 6 ζ˜ scenario with
Hinf/κ = 10
10, B = 103, A = 1 and ζ˜ = 10.
5 Conclusions
In this work we have investigated an inhomogeneous im-
perfect fluid with a Chaplygin gas term and viscosity, as
a model in order to explain the cosmic accelerated ex-
pansion. We have managed to adjust the parameters of
the model in order to reproduce PLANCK’s most recent
observational results. To carry out this task we used
the established procedure of reconstruction of a scalar
field theory of inflation, with the purpose to describe
the slow-roll parameters and, consequently, the observ-
ables of the inflationary model, in terms of their repre-
sentation as a fluid model, based on previous works of
Bamba et al. (2014a,b); Bamba and Odintsov (2016).
By comparing with PLANCK’s data, we have de-
termined that the effect of the Chaplygin gas has to
be definitely bigger than the contribution of the other
terms, if one wants to see some trace of this term in the
ρ ≫ 1 regime. In this case, we have found the range
0 < β < 0.5. For the rest of the parameters we de-
termined two different scenarios: (1) one with A > ζ˜,
where 0 < α < γ/2, 2α < γ < 2, and (2) another with
A 6 ζ˜ where 0 < α < 1, 0 < γ < 2. We have also veri-
fied that in our new model model the exit from inflation
can occur quite naturally. As a result of our analysis,
one more small restriction was obtained for each sce-
nario, namely γ & 0.5 for case (1), and α & 0.4, γ & 0.6
for case (2), with 0 < β < 0.5 for Hinf/κ≫ 1.
We should finally point out that using these methods
the possibility of a viscous LR cosmology (as in, e.g.,
Brevik et al. (2011)) can be studied, too.
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